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Abstract 

We consider an Hamiltonian with ultraviolet and infrared cutoffs, describing 
the interaction of relativistic electrons and positrons in the Coulomb potential 
with photons in Coulomb gauge. The interaction includes both interaction of 
the current density with transversal photons and the Coulomb interaction of 
charge density with itself. 

We prove that the Hamiltonian is self-adjoint and has a ground state for 
sufficiently small coupling constants. 
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1 Introduction 



In Refs. [17] an Hamiltonian with cutoffs describing relativistic electrons and posi- 
trons in a Coulomb potential interacting with transversal photons in Coulomb gauge 
is considered. In that note [17], results concerning the self-adjointness of the Hamil- 
tonian and the existence of a ground state for it arc announced. 

In this article, wc consider the full model of QED by adding the Coulomb in- 
teraction of the charge density with itself to the Hamiltonian described in [17]. We 
thus study an Hamiltonian with ultraviolet and infrared cutoff functions with re- 
spect to the momenta of photons, but also with respect to the momenta of electrons 
and positrons. The total Hamiltonian in the Fock space of electrons, positrons and 
photons is then well defined in the Furry picture. 

In this paper, we prove results concerning the self-adjointness of the Hamiltonian 
and the existence of a ground state when the coupling constants are sufficiently small. 

In [9], Bach, Frohlich and Sigal proved the existence of a ground state for the 
Pauli-Fierz Hamiltonian with an ultraviolet cutoff for photons, and for sufficiently 
small values of the fine structure constant, without introducing an infrared cutoff. 
Their result has been extended by Griesemer, Lieb and Loss [22] under the binding 
condition, and finally by Barbaroux, Chen and Vugalter [11], and Lieb and Loss [31]. 
For related results see [4, 5, 6, 19, 39]. 

No-pair Hamiltonians for relativistic electrons in QED have been recently consid- 
ered in [10, 18, 30, 34]. In [3], Aral has analyzed the hamiltonian of a Dirac particle 
interacting with the quantum radiation field. In [38], an Hamiltonian without con- 
servation of the particle number is studied. In [1], the scattering theory for the spin 
fermion model is studied. 

The case of relativistic electrons in classical magnetic fields was studied earlier in 
[33] and [23]. There, it was proven instability for the Brown and Ravenhall model in 
the free picture. In [23] it is even deduced from this result that instability also holds 
in QED context, i.e. for the Brown and Ravenhall model in the free picture, coupled 
to the quantized radiation field with or without cutoff. 

In our case, working in the Furry picture and imposing both electronic and pho- 
tonic cutoffs prevent from instability. 

Our methods follow those of [2, 9, 7, 8, 20], in which the spectral theory of the 
spin-boson and Pauli-Fierz Hamiltonians is studied. 

The infrared conditions on the cutoff functions with respect to the momenta of 
photons are stronger than those appearing in [9] and [22] . 

Some of the results obtained in this paper have been announced in [17] and [12]. 
The case where we are only dealing with the Wick ordering corrected Coulomb in- 
teraction of charge density with itself can be found in [13]. 
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2 The quantization of the Dirac- Coulomb field 

The Dirac electron of mass mo in a Coulomb potential is described by the following 
Hamiltonian: 

1 e^Z 
Hd ■= Hoie) = ca • -V + PtuqC^ - -p-p, 

I \x\ 

acting in the Hilbert space L'^{W] C^) with domain = H^{W] C^), the Sobolev 

space of order 1. Here h—1. We refer to [40] for a discussion of the Dirac operator 

(see also [36]). 

Here e is the negative charge of the electron, —Ze is the positive charge of the 
nucleus and a — (ai, 02, 03), P are the Dirac matrices in the standard form: 

^=(0 -/)' 0)' ^ = 

where Ui are the usual Pauli matrices. 

It is well known that Hjy{e) is self-adjoint for Z < 118 ([40, Theorem 4.4]). The 
eigenstates of the Dirac-Coulomb operator Hd are labelled by the angular momen- 
tum quantum numbers j — |, |, |, . . . , rrij — —j, + — by the spin- 
orbit quantum number kj = ±(j + ^) = ±1, ±2, . . . and by the quantum number 
n = 0, 1, 2, . . ., counting the non-degenerate eigenvalues of the Dirac radial operator 
associated with kj. From now on we set 7 = (j, m.j, kj). 

Let ip^^n denote the eigenstates of the Hamiltonian H^- We have 

with 

\ -1/2 

(n + ^k] - (Ze2)Vc2)2 j 

Each eigenvalue is degenerate. The infimum of the discrete spectrum is an isolated 
eigenvalue of multiplicity two. Together with the bound state energy levels the con- 
tinuum energy levels are given by 

±uj{p), uj{p) = {mlc'^ + p^)^ , p=\p\ (1) 
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Here p is the momentum of the electron. 

Let ip'y,±{p,x) denote the continuum eigenstates of Ho^e). We then have 

-f^D^7,±(p,a^) = ±<:^(p)^/'7,±(P'^)- 
Here, -0^^^ and '07,±(p, are normahzed in such a way that 

^;J„(x)^y,„/(a;)d^a; = (5„„/5^y, 

V'^,±(p,a;)^/;y,±(p^ x)d^x = 5^y5(p-p'), 

/ ^i,±(p,a:)V'y,T(p',a:;)d^a; = 0, 

Here x) (resp. is the adjoint spinor of ip'y^±{p,x) (resp. ■?/'^^„(a;)). 

The spinors ('V'7,n)7,n and ('?/'7,±)7 generate a spectral representation of Hjj^e). 

According to the hole theory [14, 27, 28, 36, 37, 40, 41], the absence in the Dirac 
theory of an electron with energy E < and charge e is equivalent to the presence 
of a positron with energy —E > and charge — e. 

Let us split the Hilbert space Sj = L^(R^; C^) into 

Here Pi^Hd) denotes the spectral projection of Hd corresponding to the interval /. 
Since {ipj^n)'y,n is a basis in Sjd, every ip & Sjd can be written as 

V'(x) = L.i.m ^6^,„Vn,7(^)> 

7,n 

with 



^ < oo. 



7,n 



Hence we can identify Sjd with the Hilbert space S^d = (B-y F^, where F^ is a closed 
subspace of L^(M+). Precisely, there exists a unitary operator Ud from S^d onto jQd 
given by 



[n,n+l) 

\ n / 7 



where p G 
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Similarly, S)c± can be identified with S^c± '■— ®7iv^(R+) by using the unitary 
operators Uc± : 
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where ip e S^c±- 

2.1 The Fock space for electrons and positrons 

Let 6 be any separable Hilbert space. Let denotes the antisymmetric n-th 
tensor power of (5 appropriate to Fermi-Dirac statistics. We define the Fermi-Fock 
space over 6, denoted by 5^a(6), to be the direct sum 

oo 
n=0 

where Cg)°(S := C. The state Q will denote the vacuum vector, i.e., the vector 
(I'O'O'---)- 

Let ^a,d, da,+ and ^a- be the Fermi-Fock spaces over Sjc+ and S)c- respectively. 
fid, ^+ and f2_ denote the associated vacua. 

In the Furry picture, the Fermi-Fock space for electrons and positrons, denoted 
by do, is then the following Hilbert space 

do = da,d 8) da,+ <8) da- (2) 

The vector fl^ ® ^+ <H) fl- is the vacuum of electrons and positrons. 
One has 

q,r,s=0 

where 5^?''^'^^ = ® (®^^e+) ® (®:-^c-). 

Let us remark that is unitarily equivalent to da{^d ® ® -^c-)- (See [15] 
and [16]). 

2.2 Creation and annihilation operators 

For every (p & S)we define in da{^) the annihilation operator, denoted by b{(p), which 
maps <S>2'^^S^ into : 

b{(f) {An+i{(pi ® . . . (8) ipn+i)) 



where tpi ^ S). 

The creation operator, denoted by is the adjoint of h{ip). The operators 

h*{ip) and h{ip) are bounded in S'al-^) and ||6(<^)|| = = \\ip\\. 

We now define the annihilation and creation operators in 

2.2.1 Bound states 

For every (7,n), we define in "^d the annihilation operator, denoted by which 
maps into S'^^''^'^^ : 

® . . . ® /g+i) ® Ar{gi ®...®gr)® ® • • • ® /^s)) 

= [6(t/d^^,n)^g+l(/l «) . . . ® /r+l)] «> (8) . . . (g) C/,.) ^(/ii . . . (g) /i,) 

where /j e c/^- e and /i^ e ^c-- 

The creation operator 6* „ is the adjoint of 6-y_„. 
6*^^ and h^^n are bounded operators m.'^D. 

2.2.2 Electrons in the continuum 

For every g G ^c+, we define in ^^/j the annihilation operator, denoted by b^{g), 
which maps Jj^^q ^(I'^'''^^ as follows 

^...^fg)® Ar+i{gi . . . As{hi . . . ® /i,)) 

= ^^(/i ® . . . ® /g) ® ® . . . ® ^^+i)] ® ^(/ii ® . . . ® /i,) 

The creation operator b^{g) is the adjoint of b+{g). b\{g) and are bounded 

operators in 

We set, for every e ^c+, 

where is the projection of J5c+ onto the 7-th component. 

2.2.3 Positrons 

For every h e JQc-, we define in the annihilation operator, denoted by b-{h), 
which maps 

b_{h){Ag{fi (8) . . . ® /g) ® Ar{gi ® . . . ® ® ® . . . ® 
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The creation operator b*_{h) is the adjoint of h-{h). b*_{h) and b-{h) are bounded 
operators in 5^/5. 

We set for every ip e Sjc-, 

b;^_ii^) = r_(p-v^) 

where P~ is the projection of S^c- onto the 7-th component. 

A simple computation shows that the following anti-commutation relations hold 

{^7,n' b},m} = = {b^,n, b0,m} 

Purthermore 
Here 6* is 6 or 6*. 

{6^,+(v^i),6^,_(V'2)} = {67,+(V'i),&;,-(V'2)} = 0, 
{6;+(Vi),&/3,-(V'2)} = {&;,+(V'i),&;,-(V'2)} = 0, 

where ipi G i3c+ and 1^2 G i^c-- One should remark that, in contrast to [40], the 
charge conjugation operator is not included in the definition of the annihilation and 
creation operators for the positrons. 

Our definition is close to the hole theory and is the one occurring in many text 
books in Quantum Field Theory as in [27], [28], [37] and [41]. The other method 
for the quantization of the Dirac field is close to the so-called symmetric theory of 
charge. Both approaches are described in [28]. 

As in [35, chapter X], we introduce operator- valued distributions b^^±.{p) and 
6* _i_ (p) such that we write 

K±{^) = / dp 6,,±(p) (P±V') (P) 

= / dp 6;±(p) (p±V') (p) 

J 9+ 
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where il) e ® •^c-- 

We now give a representation of b^,±{p) and Let Do denote the set of 

smooth vectors $ G for which has a compact support and = for 

all but finitely many (g, r, s). 

For every (p, 7), 67,+ (p) maps ^''a'^'^^'^'' n S)£) into S^i''''^''^^ D Dd and we have 

is then given by: 

^^^''"'"•'(Pl^ 7l, ■ ■ ■ 7?;^!, 7l, ■ ■ ■ ■ ■ ■ ,Pr+l, 7r+i;Pl, 7l, ■ ■ ■ 7s) 

where ^ denotes that the i-th variable has to be omitted. 

Similarly b^,-{p) maps ^l^'""''^^^ D into ^i^'''''^ n such that 

(^7,- (p)"^) ^'^''''"^ (Pi , 7i, • • • , P?, 7«; Pi, 7i, ■ ■ ■ , Pr , 7r-; Pi, 7i, ■ ■ ■ , Ps, 7s) = 
VsTT(-l)«+''$(«''^'^+^)(pi, 71, . . . 7q;pi, 71, . . . 7r;p, 7,pi, 71, ...,Ps, 7s) 

&!^,_(p) is then given by 

(&* _(p)$)^^''"''^^HPi,7i, ■ ■ ■ ,Pq, 7q;Pl,7l, ■ ■ ■ ,Pr, 7r-;Pl, 7l, ■ ■ ■ ,Ps+l,7s+l) = 

^^^''''''(Pi, 7i, • • • , Pg, 7?; Pi, 7l, • • • , Pr, 7r; Pi, 7l, • • • , PpU, • • • , Ps+1, 7s+l) 

Let us recall that is antisymmetric in the bound states, the electron in the 

continuum and the positron variables separately. We have 

{&7,+ (p), &y,+ (p')} = {&T,-(P), K',-iP')} = '^T,T"^(P - pO 

Any other anti-commutation relation is equal to zero. In particular we have 

K±(p),0 = K±(^^)'0 = o 

where 6* is b or b*. 
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2.2.4 The Hamiltonian for the quantized Dirac-Coulomb field 

The quantization of the Dirac-Coulomb Hamiltonian Ho, denoted by dr{HD), is now 
given by 

7,n 7 

+ J2f dpa;(p)6;_(p)6,,_(p), 

with u!{p) given in (1). The operator dV{HD) is the Hamiltonian of the quantized 
Dirac-Coulomb field. It is well defined on the dense subset Do and it is essentially 
self-adjoint on I^d- The self-adjoint extension will be also denoted by dV{H£)) with 
domain D{dV{Hr))). Moreover the operator number of electrons and positrons, de- 
noted by iV£), is given by 

+ J] / dp + J] / dp b;^_{p)b^,4p). 

7,n 7 7 

The operator Nd is essentially self-adjoint on S)^). The self-adjoint extension will be 

also denoted by No with domain D[Nd). 

Let A denote the set of all eigenvalues of the operator 

dV{HD)d '■= -^7,n^7,n^7,n 
7,n 

Each „ is in A and we have 

< £"0 = inf and inf E = 0. 

7,n Be A 

is the eigenvalue associated with Qjj. Furthermore 

a{dT{HD)) = A U [moc^ 00). 

The set [rriQC?. oo) is the absolutely continuous spectrum of dr^Ho). Let us remark 
that, for £J e A with E > moc^, E is an eigenvalue embedded in the continuous 
spectrum. 

2.3 The Fock space for transversal photons 

The one photon Hilbert space is given by L^(M^,C^). For every / in L^(]R^,C^), we 
shall write /(/c, /x) where A; e is the momentum variable of the photon and = 
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1,2 is its polarization index associated with two given independent real transversal 
polarizations efj,{k) of the photon in the Coulomb gauge such that e^{k).e^i{k) — 5^^' 
and e^{k).k = 0. 

Let denote the Fock space for transversal photons : 

where L^(R3,C^)®° = C. Here L^(M^,C^)®" is the symmetric n-tensor power of 
L^(R^,C^) appropriate for Bose-Einstein statistics. 

For / e L^(R^, C^), the annihilation and creation operators, denoted by a{f) and 
a*{f) respectively, are now given by: 

M=l,2 

«*(/) = E /^)) 

where 

(ai^ifi-, /^i, k2, Ai2, ■ ■ ■ , kn, l^n) = 

Vn+1 / d^k f{k, n) ki, //i, /ca, //2, ■ ■ ■ , A;„, 



(a;(/(-,/i))^')(")(/ci,/xi,...,/c„,/x„) = 

]^ " 

^ /(^i' A^O ^^"^^^(^1, Ail, • • • , h-, Aii, • • • , /^n, A^n) 

V ^ ^ 

^ 1=1 

where ^ denotes that the i-th variable has to be omitted. Note that (i*^{f {■ , IJ')) and 
a^(/(-,/i)) are linear and anti-linear with respect to / respectively, so that we can 
introduce operator valued distributions, i.e, fields an{k) and a*^{k) such that 

Om(/(-,A*)) = J d'/c f{k,fJ,) a^{k) 

and 

= / d?k f{k,iJi)al{k) 

where /(•,//) e L2(M3). 
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Let Tiph denote the set of smooth vectors ^ G Jp/i for which has a compact 
support and = for all but finitely many n. Then, for any ^ G Dph, the action 
of a^{k) and a* (A;) is given by 

(a^(/c)*)(")(A;i, //I, k2, jU2, ■ ■ ■ , ^n, jWn) 

= Vn + l¥''+^\k, fci, 1^1,..., kn, Hn) 



(a*(A;)*)(''+^)(A;i,/xi; A;2,/X2, • • • , 

^ n+l 

= — — p 5^^^^8{ki-k)■^^'^\kl,^Xl,...,ki,^Xi,...,kn+u^i^ 
V?^ + 1 

* 1=1 



We have the canonical commutation relations 

[a^(/c), a*,(/c')] = 5^^,'5{k - k') 

Any other commutation relation is equal to zero. 

The Hamiltonian of the quantized electromagnetic field, denoted by i7p/j, is 



Hph=Yl f d^ku{k)al{k)a^{k) 



where a;(/c) = c\k\. Hph is essentially self-adjoint on 'Dph- 

The state (1, 0, . . .) e is the vacuum of photons and will be denoted Qph. 

The spectrum of Hph consists of an absolutely continuous spectrum covering 
[0, +cxo) and a simple eigenvalue, equal to zero, whose the corresponding eigenvector 
is the vacuum state fl e 



2.4 The total Hamiltonian and the main results 

The Fock space for electrons, positrons and photons is the following Hilbert space: 

fl = Qd ® ^ph is the vacuum of 5^. 

The free Hamiltonian for electrons, positrons and photons, denoted by Hq, is the 
following operator in ^ : 

Ho = dr{HD) «) Iph + Id «) Hph 
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Hq is a self-adjoint operator with domain 

The operator Hq has the same point spectrum as dT{HD) and its continuous spec- 
trum covers the half axis [0, oo). Hence the point spectrum of dT{Hr)) is embedded 
in the continuous spectrum of Hq. The eigenfunctions of Hq corresponding to the 
eigenvalues E have the form ip ® flp^, where (f are the eigenfunctions of dV{Hi:,) 
corresponding to the eigenvalues E. 

Let us now describe the interaction between electrons, positrons and photons in 
Coulomb gauge that we consider. 

Let us first recall the physical interaction in QED with the Coulomb gauge. 

The quantized Dirac-Coulomb field is given by 

7,n 

„ Jm.+ „, Jm.+ 



together with 

ip\x) 



^7,n^ln(a^) + / dp 6;+(p)^^^„(p, X) 

7,n 7 -'^-^ 

Y dp b^,4p)xlj\_{p,x) 
"7 Jts.+ 



+ ^ 

7 

for the quantized adjoint spinor. 

Here 6*^, 6-y,±(p) and b^^_^ip) are the annihilation and creation operators 
defined above. 

The density of charge is then given by 

p{x) = e : ip\x) '4>{x) : 

and the density of current by 

j{x) = ec : ■?/'^(a;) aip{x) : 

Here : : is the normal ordering and a = (ai, a2, a^). 

The interaction of electrons and positrons with photons is given by two terms. 
The first one is 

\x — x'\ 

12 



and describes the Coulomb interaction of densities of charges. The second one, 



— e / d a; j{x) ■ A(x), 

describes the interaction between the current and the transversal photons. Here A(x) 
is the quantized electromagnetic field in Coulomb gauge 

(See [14] and [21]), a*(/c) and a^{k) are the creation and annihilation operators on 

Then, at a formal level, the interaction terms can be expressed in terms of the 
annihilation and creation operators 6-y,„, 6-y,±(p), &^,±(p), and a*^{k). Note 

that for the interaction between the current and the transversal photons, the prod- 
ucts of the 6's and 6*'s must be Wick normal ordered. Furthermore, the Coulomb 
interaction of densities of charges (3) as it stands, is not Wick normal ordered. For 
both physical and mathematical reasons (see [35] and [41]) it is more convenient to 
rewrite it as a sum of Wick normal ordered terms by using the anti-commutation 
relations. 

It is a known fact that we have to introduce several cutoff functions in the Dirac- 
Coulomb field and the electromagnetic vector potential in order to get a well defined 
total Hamiltonian in the Fock space (see [32]). 

Thus the interaction between the electrons, positrons and photons consists of two 
terms. The first term in the interaction, denoted by Hf \ is given by 

Hf^ = 



,Y,n,£ 1^=1,2-^ \ 

E E E /d^^dpfe,,^,^,Jp;^)(6;„V,(p) 



+ 

e=+,- 



+6;^,(p)6y,„ja;(fc) +h.c. 
+ E E / d^^dpdp'(G^;,_,^,^,(p,p';A;)(6;+(p)6;,_(p') 

7,7' /i=l,2 \ 



+b^,4p)by,+ {p')]a;{k) +h.c. 



+ 

e 



E EE /d^A;dpdpYG^,,_^_^,(p,p^A;)6;,(p)V,e(p')«;W+h.c.^ 

=+,- 7,7' M=l,2 ^ ' 
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For the second term let us introduce some notations. In the case of electrons, ^ will 
be equal to (7,^0) and (7,n) with J d,^ = / dp + "^^n- '^^^^ '^^ positrons, 

^ will be equal to (7,^) with j = J dp and the norm of any function of ^ 
will be the sum of the norm with respect to the continuous part of the measure 
and the norm with respect to the discrete part of the measure. The second term 
of the interaction, denoted by Hf'^ , is an operator in given by 

+ E / d6de2de3de4Ff (ei,6,e3,e4)&:(ei)&:(6)&.(e3)6.(e4) 
+ /d6de2de3de4(Ffj(6,6,e3,e4)&:(ei)?^.(e2)&.'(e3)&.(e4) 

(^4, 6, 6, 6)&:(ei)&:(6)&:'(e3)&.(e4)) 
+ y dCid6de3de4(i^^'nei,6,e3,e4)&+(6)&+(6)&-(e3)&-(e4) 

+ E / dCid^ (i^i5(ei,e2)&:(6)?^:'(e2) + i^i,3(6,6)?^.'(6)?^.(e2)) 

e,6'=+,-, 

where, for ^ = (7, J^), ^''(0 ^7,n- Furthermore, we suppose that 

i^^^Hei,e2,ae4)= ^e3,e4,6,6) 
i^i'^(ei,6,e3,e4) = Ff (^4,6,6,6) 

and 

i^fna,6) = i^i'He2,ei), e = 

Definition 2.1. T/ie Hamiltonian for relativistic electrons and positrons in a Cou- 
lomb potential interacting with photons in Coulomb gauge that we consider is given 
by 

H{g,, g^) := + g^ H^^ + g^Hf^ ® ]1, 
where gi, i = 1, 2, are real coupling constants. 
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It is easy to show that H(g) is a symmetric operator in as soon as the ker- 
nels F»'s and G^^^'s are square intcgrable. With stronger conditions on the F'^*-''s 
and G^*)'s, we recover a self-adjoint operator with a ground state, as stated in Theo- 
rem 2.2 and 2.3 below. 

Let, for /3 = 0,1,2, 



+E E (E / K,,,Ap^p';k)\Mkr'dpdp'd'k 



where r = {-|-, -|-}, {-|-, — }, {— , — }. We also set 

i^f ^•'^(6, 6, 6, ^4) := i^f (6, 6, 6, ^4) - i^f (6, 6, ^4, 6) 

We now state our main results. 

Theorem 2.2. VKe assume that every e = 1,2,3,4,5,6;. Furthermore, 

we suppose that Cq < oo, Ci < oo and 

+ ^ f + 'II + WF^'^'l) < 1 (4) 
V-Eo -So Vv2 / 

r/ien, H{gi,g2) is self-adjoint on the domain D{Hq). 

Theorem 2.3. We assume that every F(^) e L2 (j- = 1, 2, 3, 4, 5, 6 and that Cq < oo, 
Ci < oo andC2 < oo. Furthermore, we suppose that (4) holds true. Then there exists 
g^o > such that for \gi \ -\- \g2\ < go, the self-adjoint operator H{gi,g2) has a ground 
state. 

3 Proofs of Theorems 2.2 and 2.3 

Let 

1 3 

^ = {l^ U,mj,kj);j = -,-,..., ruj ^ -j,...,j,kj^ ±1, ±2,...,} 
T^d = {(7,n);7 el) and n = 0,1,2,...} 
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We set 



E+ = E_ = M+ X P 
Ed = E+ X Vd 

^Prom now on, we will write ^ = (p, 7) where {p, 7) belongs to E_)_ and E_ respectively 
and — (p, 7, n) where (p, 7, n) belongs to T^d- Then 

L2(E±) = |/:E±^C; / 1/(01^^ := E^^^ / 7)|Mp < ooj . 



Thus the map 



/(0 = /(P,7)eL2(E±), 



is unitary and we will identify the space S)c+ (resp. J5c_) introduced in Section 2 with 
L2(E+)(resp. L2(E_)). 

Similarly we identify the space S^d with a closed subspace, denoted by F, of L^(Eci). 
According to Section 2, F is the closure of the following subspace 



Hence the Fermi-Fock space will be identified with 

da{F) ® i?„(L2(E+)) ® ^„(L2(E_)) 
Let us now define the new annihilation and creation operators. Recall that (See [40]) 



dp h±{p, -t)b^±{p) 



dph±{p, 7)6* ±(p) 



= ||/i±(-,7)l|L2(M+) 

Thus the series / dp h±{p, 'y)b^^±{p) and / dp /i±(p, 7)6* _|_(p) are normally 

convergent in i'^{T>, B{^a{^c±)) respectively, for every h± in L^(E±). 

Here B{^a{hc±)) is the set of bounded operators in da{^c±) respectively. 
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We then set, for every h± in L^(E±) respectively, 

where &7,±(p) and b*^_^{p) are defined in Section 2. 

Similarly the series c^h^^n and c^^nb*^,ni where |c 

(7,n)er'd ^ (7,n)6l'd (7,n)el'd 

are normally convergent in £'^{1)^, B{^a{^d)))■ 
Thus, for any /id(Cd) = (c7,n 1 [n,n+l] 

7,n ^7,n) 

(7,n)eX'd 
(7,n)eDd 

where and 6* ,j are defined in Section 2.2.1. 

The new canonical anti-commutation relations are the following ones 

{b*{hi), b*{hl)} = 
{b*{h^), b*{h,)}^0 
{ba{h',), b*M)} = {hihl)L^^,) 

Here 6* is b or b*. 

We now have the following lemmas whose proofs are well-known. 

Lemma 3.1. Let f be in L'^{R^, C^iuiky^d^k) for /3 = 0, 1. We have 



pre ''Sph 
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for every * e ^{Hph) (See [7]). 

Lemma 3.2. For h± e L^(E±), b±{h±) and &±(/i±) a'^e bounded operators and we 
have 

/n particular, 

\\b±m = wbim = \\h\\m^^) 

for every ^ e 5'(j(L^(E±)) respectively (See [40]). 

Lemma 3.3. For every e F , bf{h(i) is a bounded operator and we have 

for all^eda{L\^d)). 

Let {fi, 2 = 1,2,...} (resp. {gj,j = 1,2,.. .}, {hk, k = 1,2, . . .}) be an orthonor- 
mal basis of L'^{F) (resp. We suppose that the g/s and the hkS 

are smooth functions in the Schwartz space with respect to p. 

We will now consider vectors in of the following form: 

^ie,m,n) ^.^f^j 6:(/J6;feJ . . . bl{g,Jb*_{h,,) . . . b*_{h,J n, (9) 

where /, m, n are positive integers and Q, — ® ^c-- The indexes will be 

assumed ordered such that ii < ... < ij, ji < ... < jm and fci < . . . < It is 
known that the set |$(^'™-'"); £^ m, n = 0, 1, 2, . . .} is an orthonormal basis of (See 
[40]). The set 

do,D = {'^ G do', ^ is a finite linear combination of basis vectors of the form (9)} 
is dense in ^d- 

In the following propositions we investigate several operators in '^^ built from 
product of creation operators or annihilation operators only. In the case of electrons 
we restrict ourselves to the electrons in the continuous spectrum. The case of electrons 
in the discrete spectrum is easier to deal with. 

For G e -L^(S± X E±) the formal operators 

/ d6de2G(ei,6)&±(ei)&±(6) 

JS±xS± 

are defined as quadratic forms on g^o,£) x do,D- 

f dCi de2(*, G'(ei,6)&±(ei)&±(6)^), 
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where ^, $ G ^o^D- Mimicking the proof of [35, Theorem X.44], we get two operators, 
denoted by A±, associated with these two forms such that A± are the unique operators 
in so that 5^0,0 C D{A±) is a core for A± and 



f deide2G'(ei,6)&±(6)&±(6) 



'S±xS± 

as quadratic forms on jj x S^q.d- 

^From now on we denote A^ the operators A± where e = +, — , associated with 
the kernels G^{^i,^2)- In the same way, we define as quadratic forms on d x d 
the operators A^^/, A^^/^ and A^^^'e', where e, e' — +,— and e' as follows 

A,,, = / d6 d6G',,.(ei,6)&e(6)&.'(6), 

^.e'e = / d^i d6 de3G'«'e(6,6,e3)6e(6)&e'(6)&e(e3), 

Aeee'e' = / d^ d^a de4a«'e'(ei, 6, ^3, C4)&.(ei)&e(6)&e' (Csj&e' , 

-/SeXSeXS^/xS^, 

with Gfg/, Gfg/e and G^^'^' in L^. 



Let a vector of the form (9). In addition, for simplicity, assume that 

{ii,. . .,it] = {!,. . .,^}, {ji,. . . = {!,.. .,m} and {/ci, . . . , fcn} = {!,- • • i-e. 

I m n 

i=l J=l A;=l 

We claim that 

I n 

A^^ii,^,n)^ J2 {-ir+^{Gl, g^^ g^)l[b:{f,) ® n Ki9j)®UKihk) (10) 

l<a<p<m i=l je{i,---,m} k=l 

where 
and 

(g;,^.®^;?) = j G:^(ei,6)^a(6)5/3(6)d6de2. 

Indeed, the canonical anti-commutation relations (CAR) (5)-(8) yield 

d6G+(ei,e2)6+(6)$^''"^'"^ 

- (-i)'E(-i)"^'(^+(^i'-)'5a)n^^(^^)® n n(5.)®n^-(^^)^(ii) 

a=l i=l jg{i,...,m} fe=l 
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and {G% ® hs) = 6)^7(6)^5(6)d6 d^- 

In a complete similar way, we also get 

m n 

I 

n n ^-(^^)^ 

1=1 jg{l,...,m} fce{l,...,n} 



(12) 



We have the identity (^+(^1, .), g-a) = E^=i(G'+> ® 9a)gf3(^i) where (6*+, g^/j 

9oc) = /e+xs+ G'+(^i>6)^/3(Ci)^a(6)d6 d6- 

Applying &+(^i) to the right hand side of (11), using the CAR as above and 
integrating with respect to we get 

m—l 

a=l l<a<P<m 
I n 

i=l je{i,---,m} k=l 

m—l 

a=l l<a</3<m 

e n 

1=1 je{l,...,m} fe=l 

from which we deduce (10). Similarly, we have 

j^_^{e,m,n) ^ J2 {-iy+^{G''_,h^ ® hs) 

l<7<(5<n 

£ m 

i=l j=l fee{i,...,n} 

where 

G'^(ei,e2) = G_(6,6)-G'-(6,ei) 



(13) 



(14) 
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1=1 je{i,...,m} fce{i, ...,"} 



where 

^E+xS_ 



and 

(G_+, /i^ ® 5«) = / G'_+(6,e2)/i/3(6)^a(6)dCi d6. 

JE_xS+ 

Using (14) we get, as for (12) 



A-+-$^^'™'")=J]^(-1)"+^ J2 {-iy-''{G%_,h,^ga^hp) 

a=l p=l l<l<l3<n 

i (15) 



i=l je{l,...,m} ke{l,...,n} 



and 



a=l (3=1 l<7</3<n 

nwo® n K(9j)® n ^-(^^)^ 

i=l 3e{l,...,m.} ke{l,...,n} 

where 

G'ee'el'Cl; 6, Cs) = Gee'e(Cl, 6> Cs) " ^^'^(Cs, 6> Cl) 

and 



{G%_, h^^ga® hp) = / +_(ei, 6, e3)/i7(Ci)^a(6)^/3(e3)dei de2 dCa 

(G« 5^ ® /i„ ® 5;?) = / G'^_+(6, 6, e3)57(6)/ia(6)5/3(6)d6 d6 de3 

JS-i-xE_xS-i- 
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By (10) and (13), we finally obtain 

l<a</3<m l<7<i5<n 

^ (16) 

nw.)® n Ki9j)® n ^-(^^)^ 

1=1 j6{l,...,m} *!g{l,...,n} 

and 

l<7<i5<n l<a</3<m 

1=1 je{l,...,m} fce{l,...,n} 

where 

^ee"'e'(Cl' 6) ^3, ^4) = ^3, ^4) " ^4, ^3) 

-Geee'e/(^2, Cl) ^3, ^4) + Geet'e'{i2-, 6) ^4, 6)- 

We have the following proposition 
Proposition 3.4. We have, for e' 

(i) WAW = \\A:\\ < imiLHi:..^.) 

(ii) \\A,_^>\\ = < \\Gee'\\L2{T.,xT.^,) 

(ill) \\A,,,,\\ = < ||G'^,,J|l2(s,xs,,xs,) 

(iv) WA^ee'e'W = H^Lvll < 11^","/,/ ||l2(s,xS,xE^,xE^,) 

Remcirk 3.5. When we consider electrons in the discrete spectrum, the estimates of 
Proposition 3.4 are still true. We just have to substitute for E+. 

Proof. As mentioned above, for the proof in the case of electrons, wc only consider 
electrons in the continuous spectrum. The proof for electrons in the discrete spectrum 
is similar and simpler. For the proof of (i) we restrict ourselves to A^. The case 



of A- is similar. Since 



i n 
i=l ie{i,...,m} k=l 



IS an 



l<a</3<m 



orthonormal family, it follows from (10) that 

l<a</3<m 
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In order to prove (i), it is enough to show that 

p+*ir < iiG^iii^ir (17) 

for every \I/ G do,D- 

The most significant finite hnear combination of basis vectors is the following one 

N P e m-l n-l 

* = EE Vn^^(/^) ® n KiajKigm,) ^.ll^*.{hkK{hn^)n (is) 

/i=l i>=l 1=1 j=l k=l 

Here and P arc positive integers and we have m — 1 < mi < m2 < ... < m^v 
and n — 1 < Hi < n2 < . . . < Up. From now on we restrict ourselves to finite linear 
combination of the form (18). The proof of inequality (17) is easier for any other 
finite linear combination of basis vectors. Note that H^&IP = Yl!^=i Ylu=i I-^m^^P- -^y 
(10) we get 

N P 

^+*=EE E i-^T^^KAG%ga®g0) 

H=l u=l l<a<(3<m-l 
I n-l 

1=1 3e{l,...,m-l} k=\ 

1^=1 l<a<m— 1 \M=1 

I n-l 

1=1 je{l,...,m-l} fc=l 

The right hand side of (19) is a linear combination of vectors of an orthogonal family. 
Thus 

P N 

iK*f = E (EEivni(G%^a®^^)r 

l<a<f3<m-l v=l fJ.=l 
P N 

+ E EiEv(G'+,^a®^m,)r 

l<a<m—l v=l /i=l 
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By the Cauchy-Schwarz inequality we get 



N I> 



u^n' <(E E I vn [ E I ^« ® 9,) f 

//=1 i/=l l<a<P<m-l 
N 



<||G' 



a II 2 II, Tr II 2 



l<a<m—l IJ,=1 

This concludes the proof of (i) . Since 

u^ifi)® n ^+(^^)® n ^+(^'^)^ 



i=l 



\ 



je{l,...,m} 



fcS{l,...,n} 



1 <a<m 

l</3<n 



is an orthonormal family we have 



a=l /3=1 
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Let * be of the form (18). By (14) we get 

N P m-1 n-1 

A^_^ = (-1)- J](-1)"+%.(G-,-, ga h) 

fj,=l v=\ a=l 13=1 

I 



j=i 



je{l,...,m-l} 

N n-1 



fce{l,...,n-l} 



IJ.=1 13=1 u=l 
I m-1 



i=l 



P m— 1 



fce{l,...,n-l} 

TV 



v=l a=l 



n-1 



1=1 



j6{l,...,m-l} 



k=l 



(N P \ ^ 

j2 E ^n., ® /in.) n ^^(/^) ® n ^+(^^) ® n ^-(^^)^ 
/i=i i/=i / i=i j=i k=i 

(20) 

The right hand side of (20) is a hnear combination of vectors of an orthogonal family. 
Thus we obtain 



N P m-1 n-1 n-1 P N 

= E E E E M'\{G+-,ga ® r + E E I E v(g'+-, <7m, ® 

fx=l u=l a=l 13=1 13=1 ^=1 IJ.=1 

m-1 N P ^ N P 

+ E E I E 9a ® hnj) + I E E ® ^n. 

a=l /i=l /i=l jU=l ^=1 
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By the Cauchy-Schwarz inequality we get 

N P m-1 n-1 n-1 P N N 

^=1 u=l a=l /3=1 13=1 v=\ fi=l fi=l 

m-1 N P P N P N P 

+E E El vi'E I (^+-' 9a^hn^)\'+Yl El vi'E E I (^+-' ^-.®^-^) i' 

a=l /i=l i^=l i^=l ;i=l i^=l //=1 i^=l 



iV P 

^ HI/ 1 



m—l n—1 n—1 N 

E E I ^^+-' ^« ® I' + E E I ^^+-' 9m, ® ^/3) r 

a=l /3=1 /3=1 At=l 



m-1 P AT P 

n,.) I 



+ E E K^+-' ® I' + E E I (^+-' ^ 

a=l ;/=l /i=l i^=l 



< IIG^-II^II^IP. 



The proof for A |_ is the same. This concludes the proof of (ii). 

Using (15) and (16) and following the same method as for proving (i) and (ii), we 
prove (iii) and (iv). See [13] for details. 

Proposition 3.4 is thus proved. 



□ 



Remark 3.6. The following formal operators 

J deid6Ge(6,6)&:(ei)&:(6), 

j d6d6Ge.'(6,6)fe:(6)&:'(6), 

J dCi d6 dCa G,,4^„ 6, ^3)K(^i)b:,(^2)K(^s), 

and 

^ dG d6 d^a G,,M^r, 6, ^3, Um^i)K{^2)b*A^3)K,{U) 



are the ones associated respectively with A* , A*^^,, ^e,e',e and A*^^,^,, as quadratic forms 
on 5o,D X S'cD- 

We now investigate operators in '^r, built from a product of creation and annihi- 
lation operators. Let us introduce 

^Djin = = (*^^'''''^)g>o,r>o,s>o; IS in the Schwartz space and 

\^{<i,r,s) _ Q but finitely many (g, r, s)|. 
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Be 

and 



■Sojin is a core for Nd- For € L^, by mimicking the proof of [35, Theorem X.44], 
one can show that there exists two operators, denoted by (e G {+, — })• such that 
Be are the unique operators in such that dojin C S)(-Be) is a core for B^ and 

/ d6d6Ge(6,6)&:(ei)&.(6) 

= -/ d^id^2Gj^b:{^,M^2) (21) 
as quadratic forms on ^Djin x S'l^jm- Similarly to (21), for Gd,e = (<^7,n;e)(^,„)ei5^ ^ 

-^^(^d X Eg) and G^^d = (G'7,n;7',n')(7,n;7',n')e©dX©d ^ ^^('^'^ ^ ^® 

operators 

= E / deG'w(o&;n^'.(o 

and 

7,n 7',n' 

We then have the following proposition whose proof is borrowed from [20] 

Proposition 3.7. For G L'^iJ^e x S^), Gd,e e L'^i'Dd x E^) and Gd,d e ^^(^^d x 15^) 
we have 

\\Be {Nd + l)-'/l < ||G',|U2(s,xs.), (22) 
||(7V^ + 1)-V2 5J < ||a|U^(s.xE.), (23) 

(24) 

and 

\\Bd,d\\ < \\G^ (25) 

Proof. Since A''^) is a self-adjoint operator, (23) follows from (21) and (22). We only 
investigate B+ since the proof for B_ is the same. 

Let = (^(9>'^,5)) and $ = ($(9','-',^') be two vectors in dojin- We have 



[ G+(ei,6)(&+(ei)*^''''''^\&+(6)*^''''''^%(..^-i.^)deid6 



Thus G da'"^''^ for every triple (g, r, s). Therefore, we only need to estimate 

every triple {q, r, s). By the Fubini theorem we have 



6+(6)$(^''-'^\ ^ G+(ei, 6)&+(6)*^'''^''^d6^ d6 
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By the Cauchy-Schwarz inequality and the fact that ||6+(/)|| = ||/||, we get 
Applying again Cauchy-Schwarz inequality and the definition of finally get 

Since ^ we have 

< ||G'+|^|$|^|(A^^J+l)W(«''■'^)|l^ (2?) 

for every $ G do, fin- Now, since do, fin is dense in inequality (27) holds for all 
^ E and all triples (g, r, s). Therefore, we have 

which yields 

\\B+^\\ < \\G+\\ \\{Nd + 1)^*11 (28) 

for every ^ e dojin- Since ^ojin is a core for {Nd + l)K 2) (5+) D ©((iV^ + 1)^) 
and (28) is still true for every * e2»((A^D + l)^). 

The proof of (24) and (25) is similar to the above one, if we use in addition that 
for all 7, n, \\b^^^\\ — 1- This concludes the proof of Proposition 3.7. □ 

Remcirk 3.8. Inequalities (22) and (23) are the best estimates that we can get. 
Indeed, set 

£ m n 

^{i,m,n) ^YlbM) ®l[b\{gj) ^l[b*_{h,)fl 

i=l j=l k=l 

we have 

ni 
a=l 

m cxD £ n 

+J2{-lr-''J2(^+^9p^9a)llW^)^bl{gp) n bligj)^l[b*_{hk)n. 

(29) 



a=l /3=m+l 1=1 je{i,...,m} k=l 
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Two different vectors in the right hand side of (29) are orthogonal. Therefore, we get 

m oo 

+ E E \{G+,gp®g^)\'' 

a=l P=m+1 

from which we deduce 

||^^^(€,m,n)||2 ^ 77j,||G^||2||$(Am,n)||2 ^ ||G^||2||7v|$(A"».") ||2_ 

We now have the following two lemmata whose proof is easy. 

Lemma 3.9. Let A (resp. B) be a positive self-adjoint operator in the Hilbert space 
Sji (resp. with domain ^{A) (resp. D{B)). 

Then the operator Hq^A®1+1®B with domain (g) 1) n D(]l O S) is 
self-adjoint in i^i ® 9)2 and we have 

||(^®a)V^|| < WHoi^W, 

m^B)^\\ < wHo^w, 

for every E Ti{A 1)0 2)(]1 B). 
Lemma 3.10. Let Eq — mii^^^n)eVaE-y,n > 0. We have 

EoWNd'^W < \\dT{HD)-^\\ 

for any * e ^{dViHo)). 

Applying Lemma 3.9 to A = dT{HD) and B — Hph we get, from Lemma 3.10, the 
following result 

Proposition 3.11. For any ^ e D{dT{HD) ® 1) fl D(]l (g) Hph), we have 

Eo\\{ND(^t)-^\\ < ll-ffo^ll 
\\{l®Hph)-^\\ < \\Ho^\\ 
where Hq = dT{HD) + Hph 
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3.1 Proof of Theorem 2.2 

The proof of Theorem 2.2 is achieved by showing that Hj^^ and if}^^ (8) II are relatively 
i^o-boundcd. 

We first treat Hj^K The result follows from Lemma 3.12 and Corollary 3.13. Then 
we study all the quartic terms that appear in H], and the results are collected in 
Corollary 3.17. In both cases, details of proofs are given in the Appendix. 

The interaction between electrons, positrons and transversal photons can be writ- 
ten in the following form (See Section 2.4) 

= E E / d'Hvm ® a;{k) + vrik) ® a,{k)) (30) 

i=l ^=1,2 

where 

<(^)= E / dpG:;,+,7,7',n(p;^)(^;nV,+(p)+^;+(p)v.n), 

7,7'," 

^3(^)- E / dpG:;,-,7,7',n(P;^)(^;n&;',-(p) + &7,-(p)V,n) , 

7,7'," 

<(^) = E / / dpdyG^;^__^^^,(p,y;A;)(6;+(p)6;,_(p') + ^,-(p)V,+(p')), 

7,7' 

= E / / dpdp'G';,^_^,^,(p,p';A;)6;+(p)V,+ (p'), 

7,7' ' 

^6(^)-E / / dpdp'G^l,__^,^,(p,p';A;)6;_(p)6y,_(p'). 

7,7' 

It follows from Proposition 3.4, Proposition 3.7 that vf{k), i 7^ 5, 6, v^{k){ND+l)~'^^'^, 
{Nd + l)~^/^f^(A;), J = 5, 6 are bounded from into ^d- 
For = 0, 1, = 1, 2 and i e {1, 2, . . . , 6}, we set 



a';.^ (^I^^uj{k)-%^{k)rd'ky\ i^5,6 



a^_.= (^y"^u;(A;)-^||<(A;)(7V^ + l)-V2||2d^A;^ \ i = 5,6. 



(31) 
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1/2 



Lemma 3.12. For every ^ e D{Hq), we have 



i ^ 5,6 

1/2 



i = 5, 6. 



< 



'En 



d^kv^{k)^al{k)'if 



< 



+ 



+ e- 



Eq 



7^2 
-^0 



(i7o+moc^)*| 



4£ 



for every e > 0. 



(32) 



(33) 



(34) 



Proof. In the appendix, we prove that, for every ^ e D{Hq) and every £ > 0, we 
have 



d3A;^;f(A;)* ®a^(A;)* 



(35) 



d^/cwf(A;) ®a;(A;)^ 



+ a; 



M \2 
0,i^ 



£||(Aro + l)®]l^||2 + — 



(36) 



which together with Lemma 3.9 and Lemma 3.10 give (33) and (34) by noting that 

Finally, from (30), (33) and (34), we get 
Corollciry 3.13. The operator H^^ is (Hq + moc^) -bounded, with relative bound 



ix=l,2 i=l 



'En 



(2) 

We now treat the term Hj . Again in the case of electrons, we restrict ourselves 
to the electrons in the continuous spectrum. The case of electrons in the discrete 
spectrum will be simpler to deal with. 
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For F^^^ e L^, the following formal operator 

J da d^s dUF^'^ (Ci, 6, 6, U)bU^i)b*M2)b+{^3)b-{U) 
is defined as a quadratic form on ^ojin x dnjin in the following way 

y" d6d6de3de4(&-(6)&+(6)*, &+fe)fe-(e4)^>) 

As for the quadratic terms, one can show that there exists an operator, denoted by 
C*^^^ such that C^^^ is the unique operator in such that ^ojin C D(C(^^) is a core 
for C(i) and 

C« = J deid6de3de4F^'H6,6,6,e4)&;(ei)&*-(6)fe+(6)&-(e4) 

and 

(C7(^))* = 1 deid6de3de4F(l)(e3, ^4, a, 6)&;(ei)&-(e2)&+(6)&-(e4) 

as quadratic forms on ^D.fin x do. fin- In the same way, for Ffj and F^^) m 1j , 
we define the following operators as quadratic forms on dnjin x dnjin 

= j deid6de3de4Ff (6,6,6, e4)&:(6)&:(6)&e(6)&e(e4), 

(Cf = J d6d6d6d^4Fi'^(6, 6, 6, 6)&:(6)&:(6)&e(6)&e(6), 
= / d6d6d6d6i^i,?(ei,6,6,6)&:(6)&e(6)&e'fe)&.(6), 
(cg)* ^-J d6d6d6d6i^S(e4, 6, 6, 6)fe:(6)fc:(6)&:'(6)fc.(6), 
c(^) = y" d6d6d6d6i^^'H6,6,6,6)&+(6)&+(6)&-(6)&-(e4), 
= 1 d6d6d6d6i^("H6, 6, 6, 6)i';(6)&;(6)&-(e3)&-(6), 

We now have the following proposition 
Proposition 3.14. 
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(i) For F^^^ e we have 

\\C^'\Nn + in\<^\\F(''>\\ 

and 

ii(c«r(7v^+ir^ii<i=iiF«ii 

(a) For Fp^ e we have 

||Cf (7V^ + l)-i < HfP'^'W 

and 

\\{CP)*{Nn + l)-'\\ < 
where fP'^^,, 6, 6, ^4) = fP{^,, 6, 6, ^4) - fP(^,, 6, ^4, 6)- 

(^m^ For Ff^i G we /iave 

\\Cf},{ND + l)-h < ||F^5'"|| 

anc? 

where 6, 6, ^4) = ^£^6, 6, 6, ^4) - F^%,, 6, 6)- 

('ii'^ For F^'^^ G we have 

||C{4)|| < ||^{4),aa|| 

and 

w/iere 6, 6, ^4) = i^^'HCi, 6, Cs, ^4) - i^^'HCi, 6, ^4, Cs) - 

^^^"^6, 6, ^3, ^4) + i^('He2, 6, ^4, 6) . 

Remark 3.15. T/ie estimates of Proposition 3.14 '^^e satisfied both for electrons in 
the continuous spectrum and the discrete one with appropriate -norms. 

Proof. As mentioned above, for the proof in the case of electrons, we only consider 
electrons in the continuous spectrum. The proof for electrons in the discrete spec- 
trum is similar and simpler. We mimick the proof of Proposition 3.7 by using Propo- 
sition 3.4. We first prove (i). Let * = (^(^''■'«)) and $ = be two vectors of 
dojin- We have 

X / d6d^2d^3d^4F(')(6,^2,^3,^4)(6-(^2)6+(ei)^^''''''^\&+(6)&-(e4)*(^''''^^) 
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Thus C(^')^(i'^'') e ^'^^'''''^ for every triple {q, r, s). By the Fubini Theorem we get 
By the Cauchy-Schwarz inequahty and Proposition 3.4(ii) we get 

- \ ^ 

\\b-{C2)b+{Cl)^^''^''^ Q |F«(6,6,e3,e4)rde3de4yd6d6j W^^'^'^'^' 

Again by the Cauchy-Schwarz inequahty and the definitions of ^-(0 we 

finally get 

|($(9.ns)^(;(l)^(g,r,s)^|2 ^ ^^||^(l)||2||^(g,r,s)||2||^(g,r,s)||2 

which yields 

\\C^'\Nn + l)-'\\<^\\F('%. 
The estimate for (C^^^)* follows directly from above and from 

Let us now prove (ii). We consider only the case since the proof for C_ is 

the same. We have 

X J deid6de3de4Ff (6, 6, 6, ^d{b+(^2)b+(^i)^^''^''\ 6+(e3)fc+(e4)*^^''-'^)) 
Thus every triple {q, r, s) and 

By the Cauchy-Schwarz inequality and Proposition 3.4(i) we obtain 
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Applying again Cauchy-Schwarz inequality and the definition of b+{^) we get 

I (S,'--^) ^ (7(2) ^ {q,r,s) ^|2<^^^_;^^|| 1 1 2 1 1 $(«,r-,s) 1 1 2 1 1 ^ {q,r,s) 1 1 2 

We conclude this item as in the proof of Proposition 3.7. We thus obtain 

||Cf(iV^ + l)-i<||Ff.'^||. 

The proof for C^^\ and {d^)* is similar. 

We now prove (iii). We have 



X 

Thus C^^l^^J(1'^'') e 5^^''-^'"-^^ for r > 1 and s > 1 and c|*l*(«''-'^) = for r < 1 
s < 1. We then have 



2 

2 



= y <^6+(6)$^'^'^-''^-'\y" i^i'2(ei,6,?3,e4)&+(6)&-(e3)&+(e4)^('''^'^) 

Using Cauchy-Schwarz inequality and Proposition 3.4(iii) we obtain 

/ (/ I4'2'"(ei,6,6,e4)rd6d6d6yd6j 11*^^ 
Thus, using Cauchy-Schwarz inequality and the definition of we get 

We conclude as in the proof of Proposition 3.7 that 

\\d+l{Nn + l)--^\\ < WFi'l'^l 

The proofs for C''^^) and {C^^})* are very similar. 

Finally, by Proposition 3.4(iv) we get immediately 

< ||F(4),aa|| 

and 

< ||i7^(4),aa|| 

This concludes the proof of Proposition 3.14. 



.'■.s)||2 
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Remark 3.16. One can show, as in Remark 3.8 that the estimates (i), (ii), (Hi) and 
(iv) are the best one can get. 

As a consequence of Lemmas 3.9, 3.10 and Propositions 3.4, 3.7 and 3.14 we 
obtain 

Corollary 3.17. For any ^ e ^{Nd) we have 

\\Hfm\\ < |^-L||ir(i)|| + + \\{Nd + 1)^|| 



+ 
+ 2 



2 ( iii^*^^^'"!! + iiir^^)'"! 



\\F^^^\\ + \\Fi^l\\ + \\F^%\ 



1*1 



Proof of Theorem 2.2. Supposing that Co < oo, Ci < oo and choosing gi and g2 
such that J§LCi + ^-^{^WF^^m + + IIfI^^'^II) < 1, Theorem 2.2 follows from 

Proposition 3.7, Corollary 3.13, Corollary 3.17 and Theorem V.4.3 of [29]. 



4 Proof of Theorem 2.3 

Throughout this section we assume that the assumptions of Theorem 2.3 are satisfied. 
Let us introduce an infrared cutoff in the first part of the interaction 
Let H^^l^ be the operator obtained from (30) by substituting 

<m(^) — hkMk)>m}vt{k), m > 0, 
for v^{k). We then define 

Hm := //o + giHfl + g2Hf^ ® 1. 

Theorem 2.3 will be a simple consequence of the following result. 

Theorem 4.1. There exists go > such that for every {gi, g2) satisfying \gi\ + I512I < 
go, the following properties hold. 

(i) For every ^' G D(-ffo); * — > H^! . 

mi— >0 

(ii) For every m e (0, 1), Hm has a normalized ground state 
(Hi) Fix A in {Eo,moc^). For every m> 0, we have 

{<^m,P(-oo,X]{dr{HD)) ^ Pn,,<^nd > 1 (37) 

where 5g^^g^ tends to zero when \gi\ + \g2\ tends to zero and Sg^^^g^ < 1 for 

\gi\ + \g2\ < go- 
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Theorem 2.3 is easily deduced from Theorem 4.1 as foUows: Let Hjn and $,„ be 
the same as in Theorem 4.1. Since \\^m\\ — 1) there exists a subsequence {^mk) of 
($^) such that w - hm$„^ = <l>. 

On the other hand, since P(^_oo,x]{dT {Hd)) Pq^^ is finite rank for A e {Eq, moc^), 
it follows from (37) that 

(<l>,P(_o,,,](dr(i/^))®Pn,,$) > 

which implies that $ ^ 0. 

Now, in order to conclude the proof of Theorem 2.3, it suffices to apply the 
following well known result [4] 

Lemma 4.2. Let Tn, n > 1, and T be self- adjoint operators on a Hilbert space ^ 
having a common core D such that, for all $ G J), T„$ — >• T$ as n ^ oo. We 
assume that, for every n > 1, Tn has a normalized ground state with ground state 
energy En such that lim„_»oo En — E and cu — lim„H-»+oo = ^ 7^ 0. Then ^ is a 
ground state ofT with ground state energy E. 

Theorem 4.1 will be proved in several steps. We first prove (i). We then prove 
(iii). Finally, by the periodic approximation method, we will prove the existence of a 
ground state for m > 0. 

4.1 Proof of (i) of Theorem 4.1 

Proof. For m > 0, set 

{;f'™(A;) = l{kMk)<m}ik) Viik). 

We denote by aj^'™ (resp. 6^'™) the expression (31) and (32) that we obtain by 
substituting Vj'"^{k) for Vj{k). 

Since H — Hm — gi{Hf^ — Hf]^), it follows from Lemma 3.12 that 

6 / / ~ii,m I liu,m ~fj,,m\ ~fi,in \ 

\\(H - H^m < mj:^ y. [ [ ""'J^' + ^ j + + 

for every $ e S(i/o)- 

By Lebesgue's Theorem, (a^'J* + Oq,']" + fefj*'"*) tends to zero when m tends to zero. 
We then get, for every $ e 2)(ifo), 

lim \\{H-HJ^^0. (38) 

mi— >0 

Thus the first statement of Theorem 4.1 is proved. 

□ 
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4.2 Proof of (iii) of Theorem 4.1 

The proof of (37) will be a consequence of the following lemmas. 
Lemma 4.3. For every m G (0, 1), we have 

E^:^ inf {Hrn^,^)<0 
11*11=1 

and 

sup \Em\ < oo. (39) 

me(0, 1) 

Proof. Since {a^{k)flph,flph) = {flph,al{k)flph) = 0, we have 
and 

((1 Hph) no «) ^ph) = 0. 

Furthermore we also obviously have 

{Hf^D, ^d) = 0. 

Hence we get 

{HmflD^^ph,^D^^ph) = {{dT{HD)®t)flD^^phMD^^ph) ^0 

and 

= inf $) < (i/,rif^D ® ^ph, ® ^^pft) = 

11*11=1 

By Lemma 3.12, which also holds when v^{k) is replaced by vl'^^{k), we get for some 
finite constant C which does not depend on m e (0, 1): 

< C {\\Ho + moc'M + ||$||) (40) 

for every $ e D{Ho). Prom Corollary 3.17 we have, for some finite constant C: 

\\{hP ® ]1)$|| < C {\\{Ho + moC^M + ||$||) (41) 

for every $ e T){Ho). Thus (40), (41) and the Kato-Rellich Theorem yield (39). □ 

In Section 4.3 below, we will show that, for Ig^i] + |g'2| sufficiently small, has a 
ground state (72), i.e. there exists, for every m e (0, 1), a normalized solution 

to Hrn^nii9u92) = -£^m*m (^1 , ^2) ■ 

We have 
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Lemma 4.4. There exist go > and i^(g'o) > 0, independent of m & (0, 1), such that 

||(i/o + moc2)$m (^1,^2)11 < I^(^o), 

for every m G (0, 1) and for every {gi, (72) such that \gi \ + \g2\ ^go- 
Proof. For simplicity, we will drop the dependence on {gi, g2) in $^(51, 5*2) by denot- 
ing $^ := ^m{gi:g2)- We have 

' (42 ) 

^Prom (40), (41) and (42) we obtain 

\\Ho^m\\ < \Em\+{\gi\C + \g2\c') [\\{Ho + moc')^m\\ + l] , 
which implies 

\\{Ho + moc^)^m\\ < (moc^ + \Em\ + \gi\C + \g2\c'^ (l - \gi\C - \g2\C^ 

To conclude, we apply Lemma 4.3, and we choose ^ > such that l^'ij C+\g2\C < 1/2 
for every {gi, g2) such that \gi\ + I512I < go- □ 

Lemma 4.5. There exists C > such that 

Y,\\[l® a,{k), Hill] < C^WiHo + moc'M' 

for every $ e S(i?o) and for a.e. k &M.^. Here 

/i=l,2 7,7',n,£ /i=l,2 r=+,- 7,7',n 

^ ^Y.Y.n iG+,-,7,7'(p,p';^)rdpdp' 

M=l,2 7,7' 

+ E I I |G'.,.,7,y(p,p';A;)|Mpdp' 

M=l,2 r=+ - 7,7' 

Proof. By using the commutation relations, a simple computation shows that 

[^®ci,{k),Hfl] = j^vl^{k) 

i=l 

The lemma now follows from Proposition 3.4 and Proposition 3.7. □ 
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Lemma 4.6. There exists C > 0, independent of gi and g2 for \gi \ + \g2\ < go, such 
that 

for every m e (0, 1). Here 



ph •" 



[ d'ka;{k)a,ik) 

M=l,2 -^K' 



is the operator number of photons. 
Proof. One easily checks that we have 

[]l«)a^(A;),dr(//c)® IJ^r^O, 

and 

[11 ® a^{k), 1 ® Hph] ^ = (jj{k) (]1 (g) a^(/c)) ^, 

for every \l/ G D{Ho) and for a.e. A; e M^. 
We then obtain : 

{H^ + uj{k)) 1 a^{k) - 1 (g) a^{k) = ^if^^j^, 1 

for a.e. k G M^. 

Applying this equality to and taking the scalar product with 1 ® an{k) ^m-i 
we get 

\\l®a^{k)^m\\ < ^ ||[]l®a^(A;),//7,J$^|| (43) 

for a.e. k e R^. 
Since 

{t®Nph^ra.^m) = J] / || 11 ® a^(A;) ^^H'd^/c 

M=l,2 

Lemma 4.6 follows from (43), Lemma 4.4 and Lemma 4.5. □ 

Lemma 4.7. Fix A m (0,moCQ). T/iere exists 5g^^g^{\) > 5ttc/i that Sg^^g^lX) tends 
to zero when \gi\ + \g2\ tends to zero and 

(A) 

/or e?;er2/ m e (0, 1). Here P^(A) = ]1 - P^(A) = ]1[a, oo){dT{HD)). 
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Proof. Using Pn^^Hph = 0, we get 

= Pn{X)^mHD) - Err.) ® Pn,, + 9i{Pd{X)^ ® Pa J Hf^ 
+g2{PD{X)^^Pn,h)HP 

^Prom (44) we obtain 

= {P^{X)^PnJ{Hm-Em)<^m 

= P^iX) idViHn) - Err,) ® Pa,,^m + 91 PhW ® Pn,,H\]l^ 

(2) 



(44) 



(45) 



+92 {PD{X)^(^PnjHf 



Since 



dr{Hn)PD{X)^ > X P^{X), 
by (45) and Lemma 4.3, we obtain 



{P^{X) ® PnA,^m) < - X-' 



gMP^{X)®PajHi]l^^,^ 



+ 92{ {P^{X) ® PnJiHf ® 1)$^, $ 



for every m G (0, 1). 

Lemma 4.7 then follows by remarking that Corollary 3.13 also holds for i?}^^ and 
by using Lemma 3.17 and Lemma 4.4. □ 



We are now able to prove the inequality (37), i.e., point (iii) of Theorem 4.1. 
Proof. The equation (37) is equivalent to 

{{Pd{X) (8) Pn^^ + 1 (8) P^^J $m, ^m) < 

Since Pq^^ < Np^, it suffices to show that 

{{Ph{X) ® Pn,, + t(g) Nph)^rn: ^m) < 

which follows from Lemma 4.6 and Lemma 4.7. 

/^From the fact that Sg^^^g^ tends to zero when \gi \ + |5f2| tends to zero, we deduce 
the existence of goo such that Sg-^^^g^ < 1 for \gi\ + \g2\ < goo- CH 
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4.3 Proof of (ii) of Theorem 4.1: Existence of a ground state 
for Hm 

^Prom now on we mimic the proof in [2] and [7] (See also [24], [25], [19] and [34]) and 
we use the same notations as in [9]. 
For m > 0, we set 

A = {A; e ; a;(A;) > m}, A = \ 

and 

hs/i = L {As/t). 

Let d{he/s) be the bosonic Fock spaces associated with h£/s, with associated vacua 

Using the following lemma (See [7] and [16]), 

Lemma 4.8. Let hi, i = 1,2 be two Hilbert spaces. There exists a unitary operator 
from the photonic Fock space over hi © /i2 to 

We may identify Hp^ (resp. giHf^) with 

Hph,i ®ts + h® Hph,s, (resp. giH^^l^ %)■ 

Here 

Hph//s^^ / d^kuj{k)a*^{k)a^{k). 

We set 

Hm,e = driHo) ®ti + lD® Hph,i + gi Hf^ + g^Hf^ ® U 
In this representation, Hm appears as 

Hm = Hm,i ®ts + tD®%® Hph,s. (46) 

We then have 

Lemma 4.9. i^m,^ has a ground state ^m,e if (itT'd only if has a ground state 
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Proof. In view of (46) , one has 

Hm{^m,e ^^s) = Hm,l ^m,l ® (47) 

Furthermore, it results from (46) that 



a{Hm) = a{Hm,t) + (T{Hph,s) = [mia{Hm,t),+oo) 

which, together with (47), gives the lemma. □ 

By Lemma 4.9, Theorem 4.1 then follows from 

Theorem 4.10. There exists gooo such that, for every {gi, g2) such that \gi\ + \g2\ < 
gooo and m G (0, 1), Hm/ has a ground state ^ra/ o,t = inf a{Hm) = inf a{Hm/)- 

Proof. Let e > be a parameter. We decompose into a disjoint union of cubes 
of side lenght e, = U„G(ez3) ^ + Q^^ where = [-|, |)^. As in [9] and [34], for 
F e L^^^p(M^), we define its e-average by 



{F),{k)^e-^ I F{k')d'k', 

Jn{k]+Qs 



where n{k) e (eZ)^ is such that k — n{k) G Qe- 

More generally, when G G L^(E x E|), we define its £- average with respect to k 

by 

{G),{k) := G,{; k) = / G'(-, k') d'k'. 

Jn{k)+Qe 

Let Hj^^ be the operator obtained from lif^^ by substituting {v'^^^e{k) for v'^^^{k). 
Similarly, we define H^/i^/g by substituting {u!)e{k) for u!{k) in Hph//s- 
A simple calculation shows that 

\u{k) - {u})s{k)\ < C6u{k), 

It implies 

^{Hph/ — Hpf^^f) <Ce Hph/. (48) 

Set = dViHo) ® 11^ + ]1d ® H^,h,e + ^i^l.m + 92HP ® h. Combining (48) with 
Corollary 3.13 and using the fact that 

H'm,i - Hm,e ^^D^ H;^^, -In^ Hpu,i + gm,m - Hi%), 

we obtain 

- Hm,i) {H^, -E^ + l)-i < const, f £ + E E ("^r + ' (49) 



13=0,1 j=l 
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where a'i'T'^ (rcsp. b'i 



"13,3 



) denotes the expression (31) (resp. (32)) that we obtain 
when we substitute f^„j(A';) — {Vj^m)e{k) for ?-'^(A'"). 

Now, the right hand side of (49) converges to zero as £ i— >■ 0. 
On the other hand, by mimicking [9] and [7] one shows that there exists gooo such 
that the finite volume approximation H^ ^i has discrete spectrum in (— oo, Em + 1712), 
for 1712 < 171 and for {gi,g2) such that l^fil + \g2\ < gooo- 

Theorem 4.10 then follows from (49) and from the following lemma (see [26]). □ 

Lemma 4.11. Let (T„)„>i and T be bounded below self-adjoint operators on a 
Hubert space. Suppose that 

i) Tn ^ T as n ^ +00 in the norm resolvent sense. 

a) Tn has purely discrete spectrum in [inf cr(T„), inf (t(T„) +C), where C is a con- 
stant independent of n. 

Then T has purely discrete spectrum in [inf (j(T), infer (T) + C). 

Proofs of Theorem 2.3 and Theorem 4-1- Choosing go = min{^, (7000}, Theo- 
rem 4.1 follows from (38), Lemma 4.7 and Theorem 4.10. The proof of Theorem 2.3 
is easily deduced from Theorem 4.1 as it is explained at the beginning of the Section 4. 



5 Appendix 

5.1 Proof of (35) and (36) 

We keep the same notations as in Section 3. 



Lemma 5.1. Under the assumptions of Theorem 2.2, we have 

II j d'kv^{kY®a,{k)n<m{ND+if''®Hii'n. 

and 



£||(Ar^+l)®]l^||2 + — ||^||2 



for every ^ e D{Ho) and every £ > 0. 



(50) 



, (51) 
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Proof. We only give the proof of (51) for i — 5. The case of i = 6 is quite similar. 
The other cases, i.e. i ^ 5,6 are simpler since vf{k) is bounded on for i ^ 5,6. 
In the following we omit the indexes /j, and 5. 
Set 

a{v) = / d^kv*{k) O a{k) 



a{vy = J d^kv{k)^a*{k) 
Let u e ^{Ho). For k e M^ set 

^k) = a;(A;)^/'((Ari5 + 1)'/' a(A;)) li. 

One has 



= ^(AT^ + 1)^/2 ^ y a;(A;)a*(A;)a(A;)d3A;M, {Nd + 1)^/^ ® il 
= {{{Nd + 1)'/' ® Hph) u, {{Nd + 1)'/' ® 1) «> 



u 



(52) 



Using (52), we get 

||a(^;)w||2= J {v*{k) ^ a{k)u,v*{k') ^ a{k')u) d^kd^k' 

= j u;{k)-^u;{k')-'' 
x(v*{k){{ND + iy^^(^t)<^{k),v*{k'){{ND + l)"^®]l)$(A;'))d^A;d^A;' 

< /u;(A;)-^||T;*(A;)(7VD + l)-^||5,||$(A;)||d^A; . 
Cauchy-Schwarz inequality now implies that 



|a(v)K| 



< (I u;{k)-'\\v*{k){ND+i)-'/'\\i,d'k^ (I wmrd'ky 



which, together with (52) gives (50). 
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Let us now prove (51). We have 



\a*{v)uf^ J {v{k)®a*{k)u,v{k')®a*{k')u) d?kd?k'. 



Using the commutation relations for a and a* we obtain 



|a*(v)M| 



{v{k) ® a*{k)a{k')u,v{k') ® lu) d^kd^k' 
+ J \\{v{k)^t)ufd^k 



(53) 



The first term in the right hand side of (53) can be written in the following way 

{v{k) (g) a{k')u, v{k') O a{k)u) d^k d^k' 

= J cuiky^cuik')-'^ 

x(v{k) {{Nd + 1)-^ ^l)^k'),v{k'){{ND + l)~^ ^l)^k)^d^kd^k' 

Hence 

J {v{k) a*{k)a{k')u, v{k') ^lu) d^kd^k' 

< J u;{k)-y^v{k){Nn + l)-'/%jm\\d'kj' 

< (^J u;{kr'\\v{k){Nn + l)-'/%.d'k^ (^J Wmfd^k 
which, together with (52), yields 

J {v{k) (g) a*{k)a{k')u,v{k') ^lu) d^kd^k' 



< ( L;{k)-'/^v{k){Nn + l)-'/^ld'k 



1 2 



ph 



u 



(54) 
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For the second term in the right hand side of (53), we write 



< 



v{k)^l)u\\'^d^k 

J \\v{k){No + l)-^||^,d3fc^ WiiNn + 1)^ ® 1) 
v{k){ND + l)--^\\ld''k] {{Nd + l)u, u) . 



u 



Using for all £ > 0, a6 < £ + ^ 6^, we get 

v{k) ® t)ufd^k 
< I j \\v{k){ND + l)-^'Y^''k 



e\\{Nr, + l)ur + - 



Finally, (53), (54) and (55) give (51). 
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